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Abstract
In this paper, we first give the definiton of a vertex superalgebroid. Then we
construct a family of vertex superalgebras associated to vertex superalgebroids.
As a main result, we find a sufficient and necessary condition that this vertex
superalgebras are semi-conformal. In addition, we give an concrete example of
this vertex superalgebras and apply our results to this superalgebra.
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1 Introduction
In the general theory of vertex algebras, an important difference between vertex al-
gebras and vertex operator algebras is the existence of an internal Virasoro algebra
module structure on for vertex operator algebras. But in fact, for some research
on vertex operator algebra we use only the sl2 = span{L0, L±1}-module action.
Thus in [FHL], a notion called quasi-vertex operator algebra arises. Namely a sub-
algebra of a given vertex operator algebra with assuming only the existence and
properties of sl2-action. A semi-conformal structure on a vertex superalgebra is a
module structure for the subalgebra of the Virasoro algebra, generated by Lm with
m ≥ −1, satisfying certain conditions (Ref.[FB]). This structure is essential to the
fundamental theory of contragredient modules and symmetric bilinear forms, and it
is the minimal structure necessary in the study on modular invariance of characters
of modules.
The notion of a vertex algebroid, first introduced in [GMS], captures a family
of N-graded vertex algebra. From the vertex algebra point of view, a vertex alge-
broid is a vector space with 3 partially defined operations satisfying a number of
disparate identities that make some sense only if one discerns the Borcherds identity
lurking behind (Ref.[Ma]). In [LY1], Li and Yamskulna classify all the N-graded
simple modules of those vertex algebras in terms of simple modules for certain Lie
algebroids. In [LY2], they construct and classify graded simple twisted modules for
those vertex algebras. In addition, they determine the full automorphism groups
of those vertex algebras in terms of the automorphism groups of the corresponding
vertex algebroids.
In the present paper, firstly we give the definiton of a vertex superalgebroid and
the associated vertex superalgebra. The main purpose in this paper is to deter-
mine semi-conformal structure on those vertex superalgebras associated to vertex
superalgebroids. By definition, a semi-conformal vertex superalgebra is a vertex su-
peralgebra equipped with a semi-conformal structure. The main result is a sufficient
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and necessary condition that the associated vertex superalgebras are semi-conformal.
In addition, we give an concrete example of such vertex superalgebra and apply our
results to this superalgebra.
This paper is organized as follows. In Section 2, we review some basic notations,
formulas and properties for Lie superalgebras and vertex superalgebras. We give
the definitions of 1-truncated conformal superalgebra, vertex superalgebroid and
Lie superalgebroid, which are generalization of these algebras in non-super version.
We also review tools from [GMS] and [LY1], then we construct an N-graded vertex
superalgebra for a given vertex superalgebroid. In Section 3, we recall the definition
of semi-conformal vertex superalgebra and find a sufficient and necessary condition
that the given vertex superalgebras are semi-conformal. In Section 4, we give an
example of this family of vertex superalgebras.
2 Preliminaries
We use the usual symbols Z, Z+ and N for the set of integers, the positive integers,
and the nonnegative integers respectively.
LetM = M0¯⊕M1¯ be any superalgebra, i.e., (Z/2Z)-graded algebra. Any element
u in M0¯ (resp. M1¯) is said to be even (resp. odd). For any homogeneous element u,
we define |u| = 0 if u is even, |u| = 1 if u is odd. We define εu,v = (−1)
|u||v|, for any
homogeneous elements u, v ∈M . We note that, the space of endomorphisms of M ,
denoted by End(M) is a superalgebra.
Throughout this paper, when we write |u| for an element u ∈M , we will always
implicitly assume that u is a homogeneous element.
Definition 2.1. A Lie superalgebra is a superalgebra A = A0¯⊕A1¯ with multiplication
[·, ·] satisfying the following two axioms: for homogeneous a, b, c ∈ A,
skew − supersymmetry : [a, b] = −εa,b[b, a].
super Jacobi identity : [a, [b, c]] = [[a, b], c] + εa,b[b, [a, c]].
Example 2.2. Let A = A0¯ ⊕ A1¯ be an associative superalgebra. A becomes a Lie
superalgebra with
[a, b] = ab− εa,bba, a, b ∈ A. (2.1)
We say that A is super-commutative if [a, b] = 0 for all a, b ∈ A.
Let A be a Lie superalgebra. Then End(A) is an associative superalgebra, and
hence it carries a structure of Lie superalgebra by (2.1).
Definition 2.3. Let A = A0¯⊕A1¯ and A
′ = A′
0¯
⊕A′
1¯
be superalgebras. A linear map
ϕ : A→ A′ is said to be even if ϕ(Aθ) ⊆ A
′
θ,∀ θ ∈ Z/2Z.
Definition 2.4. Let A = A0¯⊕A1¯ be an associative superalgebra. An endomorphism
D ∈ End(A)s is called a derivation of degree s, if it satisfies the identity
D(ab) = D(a)b+ (−1)s|a|aD(b), a, b ∈ A. (2.2)
Denote by Der(A)s the space of derivations on A of degree s.
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Now we review some basic notions of a vertex superalgebra (Refs.[B1],[K] and
[LL]).
Definition 2.5. A vertex superalgebra is a triple (V,1, Y ), where V = V0¯ ⊕ V1¯ is a
superspace, 1 ∈ V0¯ is a specified vector called the vacuum of V , and Y is a linear
map
Y (·, z) : V → (EndV )[[z, z−1]];
a 7→ Y (a, z) =
∑
n∈Z
anz
−n−1 (where an ∈ EndV )
such that
(V 1) For any a, b ∈ V, anb = 0 for n sufficiently large;
(V 2) For i¯, j¯ ∈ Z/2Z, a ∈ Vi¯, b ∈ Vj¯ , Y (a, z)b ∈ Vi¯+j¯[[z, z
−1]];
(V 3) Y (1, z) = idV (the identity operator of V );
(V 4) Y (a, z)1 ∈ V [[z]] and lim
z→0
Y (a, z)1 = a for any a ∈ V ;
(V 5) For homogeneous elements a, b ∈ V, the following super Jacobi identity holds:
z−10 δ
(
z1 − z2
z0
)
Y (a, z1)Y (b, z2)− εa,bz
−1
0 δ
(
z2 − z1
−z0
)
Y (b, z2)Y (a, z1)
= z−12 δ
(
z1 − z0
z2
)
Y (Y (a, z0)b, z2). (2.3)
From the super Jacobi identity we have Borcherds’ super commutator formula
and super iterate formula in component form:
[um, vn] =
∑
i≥0
(
m
i
)
(uiv)m+n−i, (2.4)
(umv)n =
∑
i≥0
(−1)i
(
m
i
)
(um−ivn+i − εu,v(−1)
mvm+n−iui) (2.5)
for u, v ∈ V, m, n ∈ Z, where [um, vn] = umvn − εu,vvnum.
Define a linear operator D on V by D(v) = v−21, we have following consequences:
Y (a, z)b = εa,be
zDY (b,−z)a for any homogeneous a, b ∈ V. (2.6)
[D, an] = (Da)n = −nan−1 for any a ∈ V, n ∈ Z. (2.7)
Definition 2.6. Let (V,1, Y ) be a vertex superalgebra. A V -module is a triple
(M,d, YM ), where M is a superspace, d is an even endomorphism of M , and YM is
a linear map
YM(·, z) : V → (EndM)[[z, z
−1]];
a 7→ YM (a, z) =
∑
n∈Z
anz
−n−1 (where an ∈ EndM)
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satisfying the following conditions:
(M1) For any a ∈ V, u ∈M,anu = 0 for n sufficient large;
(M2) YM (1, z) = idM ;
(M3) [d, YM (a, z)] = YM (D(a), z) =
d
dz
YM (a, z) for any a ∈ V ;
(M4) For homogeneous a, b ∈ V, the following super Jacobi identity holds:
z−10 δ
(
z1 − z2
z0
)
YM (a, z1)YM (b, z2)− εa,bz
−1
0 δ
(
z2 − z1
−z0
)
YM(b, z2)YM (a, z1)
= z−12 δ
(
z1 − z0
z2
)
YM (Y (a, z0)b, z2). (2.8)
Definition 2.7. A vertex superalgebra V equipped with a Z-grading V =
∐
n∈Z Vn =
V0¯ ⊕ V1¯=
∐
n∈Z(V0¯,n ⊕ V1¯,n) is called a Z-graded vertex superalgebra if 1 ∈ V0¯,0 and
for u ∈ Vi¯,k with k ∈ Z, m,n ∈ Z and i¯, j¯ ∈ Z/2Z,
umVj¯,n ⊂ Vi¯+j¯, k+n−m−1. (2.9)
Now we give the definition of 1-truncated conformal superalgebra (Refs.[GMS]
and [K]).
Definition 2.8. A 1-truncated conformal superalgebra C is a superspace C = C0 ⊕
C1=
⊕
i=0,1 C0¯,i⊕C1¯,i equipped with an even linear map ∂ : C0 → C1 and a bilinear
product uiv for i = 0, 1 such that the following axioms hold:
(Derivation) for a ∈ C0, u ∈ C1,
(∂a)0 = 0, (∂a)1 = −a0, ∂(u0a) = u0∂a; (2.10)
(Super commutativity) for a ∈ C0, u, v ∈ C1,
u0a = −εu,aa0u, u0v = εu,v(−v0u+ ∂(v1u)), u1v = εu,vv1u; (2.11)
(Super associativity) for α, β, γ ∈ C,
α0(βiγ) = εα,ββi(α0γ) + (α0β)iγ. (2.12)
Next we recall the notion of Leibniz superalgebra from [D].
Definition 2.9. A superspace Γ = Γ0¯
⊕
Γ1¯ with multiplication [·, ·] is called a Leib-
niz superalgebra, if it satisfies the following conditions:
[Γα,Γβ] ⊆ Γα+β for all α, β ∈ Z/2Z,
[u, [v,w]] = [[u, v], w] + εu,v[v, [u,w]],
for all u, v, w ∈ Γ. The second condition is called graded Leibniz identity.
Now we introduce the definition of a vertex superalgebroid (Refs.[GMS] and [C]).
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Definition 2.10. Let A be a (unital) super-commutative associative superalgebra
(over C). A vertex A-superalgebroid is a C-vector space Γ equipped with
(0) a C-bilinear map
A× Γ→ Γ; (a, v) 7→ a ∗ v (2.13)
such that 1 ∗ v = v (i.e., a “non-associative unital A-module”)
(1) a structure of a Leibniz superalgebra [·, ·] : Γ⊗C Γ→ Γ
(2) a homomorphism of Leibniz superalgebras pi : Γ→ Der(A)
(3) a C-bilinear pairing 〈·, ·〉 : Γ⊗C Γ→ A, such that 〈u, v〉 = εu,v〈v, u〉.
(4) a C-linear map ∂ : A→ Γ such that pi ◦ ∂ = 0,
which satisfy the following conditions:
a ∗ (a′ ∗ v)− (aa′) ∗ v = εa,a′pi(v)(a) ∗ ∂(a
′) + pi(v)(a′) ∗ ∂(a) (2.14)
[u, a ∗ v] = pi(u)(a) ∗ v + εu,aa ∗ [u, v] (2.15)
[u, v] + εu,v[v, u] = ∂(〈u, v〉) (2.16)
pi(a ∗ v) = api(v) (2.17)
〈a ∗ u, v〉 = a〈u, v〉 − εa,uεa,vpi(u)(pi(v)(a)) (2.18)
pi(v)(〈v1, v2〉) = 〈[v, v1], v2〉+ εv,v1〈v1, [v, v2]〉 (2.19)
∂(aa′) = a ∗ ∂(a′) + εa,a′a
′ ∗ ∂(a) (2.20)
[v, ∂(a)] = ∂(pi(v)(a)) (2.21)
〈v, ∂(a)〉 = pi(v)(a) (2.22)
for a, a′ ∈ A, u, v, v1, v2 ∈ Γ.
The following proposition could be proved by the similar discussion as in Propo-
sition 2.11 in [LY1].
Proposition 2.11. Let A be a unital super-commutative associative superalgebra
and B a module for A as a nonassociative superalgebra. Then a vertex A-superalgebroid
structure on B exactly amounts to a 1-truncated conformal superalgebra structure
on C = A⊕B with
aia
′ = 0, (2.23)
u0v = [u, v], u1v = 〈u, v〉, (2.24)
u0a = pi(u)(a), εu,aa0u = −u0a = −pi(u)(a) (2.25)
for a, a′ ∈ A, u, v ∈ B, i = 0, 1, such that
a(a′u)− (aa′)u = εa,a′(u0a)∂a
′ + (u0a
′)∂a, (2.26)
u0(av)− εu,aa(u0v) = (u0a)v, (2.27)
u0(aa
′) = εu,aa(u0a
′) + (u0a)a
′, (2.28)
a′0(av) = εa,a′a(a
′
0v), (2.29)
(au)1v = a(u1v)− εa,uεa,vu0v0a, (2.30)
∂(aa′) = a∂a′ + εa,a′a
′∂a. (2.31)
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In what follows, we construct the vertex superalgebra associated to vertex su-
peralgebroid, which is following the description of [LY1].
Let C = A ⊕ B be a 1-truncated conformal superalgebra. Set L(A ⊕ B) =
(A ⊕ B) ⊗ C[t, t−1]. Then we define a super commutator bilinear product [·, ·] on
L(A⊕B) by
[a⊗ tm, a′ ⊗ tn] = 0, (2.32)
[a⊗ tm, b⊗ tn] = a0b⊗ t
m+n, (2.33)
[b⊗ tn, a⊗ tm] = b0a⊗ t
m+n, (2.34)
[b⊗ tm, b′ ⊗ tn] = b0b
′ ⊗ tm+n +m(b1b
′)⊗ tm+n−1 (2.35)
for a, a′ ∈ A, b, b′ ∈ B, m,n ∈ Z.
For a ∈ A, b ∈ B n ∈ Z, define deg(a ⊗ tn) = −n − 1, deg(b ⊗ tn) = −n. Then
L(A⊕B) becomes a Z-graded superalgebra. Set
∂ˆ = ∂ ⊗ 1 + 1⊗ d/dt : L(A)→ L(A⊕B)
and L(A⊕B) = L(A⊕B)/∂ˆL(A).
By the similar discussions as Proposition 3.1, Proposition 3.2, Proposition 3.3
in [LY1], we have that the nonassociative superalgebra L(A⊕B) is a Z-graded Lie
superalgebra.
For the rest of this section we denote this Lie superalgebra by L. Let ρ be the
projection map from L(A⊕B) to L. For u ∈ A⊕B, n ∈ Z, set
u(n) = ρ(u⊗ tn) = u⊗ tn + ∂ˆL(A) ∈ L
Define
L≥0 = ρ((A⊕B)⊗ C[t]) ⊂ L, (2.36)
L<0 = ρ((A⊕B)⊗ t−1C[t−1]) ⊂ L. (2.37)
Consider C as the trivial L≥0-module and then form the following generalized
Verma module
VL = U(L)⊗U(L≥0) C, (2.38)
where U(L) be the universal enveloping algebra of L.
Recall the Poincare´-Birkhoff-Witt theorem of Lie superalgebra (Refs.[Ro] and
[Mu]).
Theorem 2.12. Let g = g0¯ ⊕ g1¯ be a Lie superalgebra. Let {x1, x2, · · · , xp} be a
basis for g0¯ and {y1, y2, · · · , yq} be a basis for g1¯. The set
{xr11 x
r2
2 · · · x
rp
p y
s1
1 y
s2
2 · · · y
sq
q | r1, r2, · · · , rp ∈ N, s1, s2, · · · , sq ∈ {0, 1}}
is a basis for U(g).
In view of the Poincare´-Birkhoff-Witt theorem, we have
VL = U(L
<0), (2.39)
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as a vector space, so that we may consider A⊕B as a subspace:
A⊕B → VL; a+ b 7→ a(−1)1+ b(−1)1. (2.40)
We set 1 = 1 ∈ VL and degC = 0. Then VL is an N-graded L-module:
VL =
∐
n∈N
(VL)(n), (2.41)
and there exists a unique vertex superalgebra structure on VL. ( Refs.[FLM], [LY1]
and [LL].)
Lemma 2.13. Set
E0 = span{e− 1, a(−1)a
′ − aa′ | a, a′ ∈ A} ⊂ (VL)(0), (2.42)
E1 = span{a(−1)b − ab | a ∈ A, b ∈ B} ⊂ (VL)(1), (2.43)
E = E0 ⊕ E1 (2.44)
= span{e− 1, a(−1)a′ − aa′, a(−1)b− ab | a, a′ ∈ A, b ∈ B} ⊂ VL.
Then v(n)E ⊂ E, for v ∈ C = A ⊕ B, n ≥ 0. Furthermore, we have DE0 ⊂ E1,
B(−1)E0 ⊂ A(−1)E1 + E1.
Proof. Using the similar method of Lemma 4.2 in [LY1], we can prove the first
assertion and DE0 ⊂ E1. Finally, we prove the last assertion. For b ∈ B, we have
b(−1)(e − 1) = b(−1)e − b = e(−1)b−De(0)b − eb = e(−1)b− eb ∈ E1,
using the fact that e(n) = 0 for n 6= −1. Let b ∈ B, a, a′ ∈ A. Using Borcherds’
super commutator formula (2.4), the D-bracket formula (2.6) and (2.7), and the fact
that DE0 ⊂ E1, we have
b(−1)(a(−1)a′ − aa′)
= εa,ba(−1)b(−1)a
′ + (b0a)(−2)a
′ − b(−1)(aa′)
= εa,bεa′,ba(−1)a
′(−1)b− εa,bεa′,ba(−1)Da
′(0)b +D(b0a)(−1)a
′ − (b0a)(−1)Da
′
−εa,bεa′,b(aa
′)(−1)b+ εa,bεa′,bD(aa
′)(0)b
= εa,bεa′,ba(−1)a
′(−1)b− εa,bεa′,ba(−1)Da
′(0)b +D(b0a)(−1)a
′ − (b0a)(−1)Da
′
−εa,bεa′,b(aa
′)(−1)b−Db0(aa
′)
= εa,bεa′,ba(−1)a
′(−1)b− εa,bεa′,ba(−1)Da
′(0)b +D(b0a)(−1)a
′ − (b0a)(−1)Da
′
−εa,bεa′,b(aa
′)(−1)b−D(εa,ba(b0a
′) + (b0a)a
′)
= εa,bεa′,ba(−1)a
′(−1)b− εa,bεa′,ba(−1)Da
′(0)b +D(b0a)(−1)a
′ − (b0a)(−1)Da
′
−εa,bεa′,b(aa
′)(−1)b− εa,baD(b0a
′)− εa,a′(b0a
′)Da−D((b0a)a
′)
= εa,bεa′,ba(−1)a
′(−1)b− (b0a)(−1)Da
′ − εa,bεa′,b(aa
′)(−1)b − εa,a′(b0a
′)Da
+εa,b
(
a(−1)Db0a
′ − aD(b0a
′)
)
+D
(
(b0a)(−1)a
′ − (b0a)a
′
)
≡ εa,bεa′,ba(−1)a
′(−1)b− (b0a)Da
′ − εa,bεa′,b(aa
′)b− εa,a′(b0a
′)Da mod E1
= εa,bεa′,ba(−1)a
′(−1)b− εa,bεa′,ba(a
′b)
= εa,bεa′,ba(−1)(a
′(−1)b− a′b) + εa,bεa′,b
(
a(−1)(a′b)− a(a′b)
)
∈ A(−1)E1 + E1.
This proves that B(−1)E0 ⊂ A(−1)E1 + E1.
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Define IB = U(L)C[D]E. Using the proof of Proposition 4.4 in [LY1], we have
that IB is a two-sided graded ideal of VL. Define VB = VL/IB .
Using similar discussion of [GMS] and [LY1], we have
Theorem 2.14. Let B be a vertex A-superalgebroid and let VB be the associated
N-graded vertex superalgebra. We have (VB)(0) = A and (VB)(1) = B (under the
linear map v 7→ v(−1)1) and VB as a vertex superalgebra is generated by A ⊕ B.
Furthermore, for any n ≥ 1,
(VB)(n)
= span{b1(−n1)...bk(−nk)1 | bi ∈ B, n1 ≥ n2 ≥ ... ≥ nk ≥ 1, n1 + ...+ nk = n}.
3 Semi-conformal structure on vertex superalgebra VB
In this section, we study semi-conformal structure on the vertex superalgebra VB
associated to a vertex A-superalgebroid B.
Recall that the Virasoro algebra V ir is a Lie algebra with a basis {Ln | n ∈
Z} ∪ {c}, where
[Lm, Ln] = (m− n)Lm+n +
1
12
(m3 −m)δm+n,0c (3.1)
for m,n ∈ Z, and c is central. We denote by L(n) the operator on any V ir-module
corresponding to Ln for n ∈ Z.
Set
V ir+ = span{Lm | m ≥ −1}, (3.2)
which is a subalgebra of the Virasoro algebra V ir. The elements L±1 and L0 span
a subalgebra, which is isomorphic to the Lie algebra sl2, where
[L0, L±1] = ∓L±1, [L1, L−1] = 2L0.
Let b denote the 2-dimensional subalgebra of V ir+, spanned by L0 and L1. By a
weight b-module we mean a b-module on which L(0) acts semisimply.
For convenience, we set Z≥−1 = {m ∈ Z | m ≥ −1}.
Definition 3.1. A 1-truncated sl2-module is a weight b-module U = U0⊕U1, where
L(0)|U0 = 0, L(0)|U1 = 1, equipped with a linear map L(−1) ∈ Hom(U0, U1).
Note that for any weight b-module U = U0 ⊕ U1, we have
L(1) : U1 −→ U0, L(1)|U0 = 0.
Lemma 3.2. Let U be a b-module. Set L(U) = U ⊗ C[t, t−1]. Then L(U) is a
V ir+-module with the action given by
L(m) ∗ (u⊗ tn) = −(m+ n+ 1)(u⊗ tm+n) + (m+ 1)(L(0)u ⊗ tm+n)
+
1
2
m(m+ 1)(L(1)u ⊗ tm+n−1) (3.3)
for m ∈ Z≥−1, u ∈ U, n ∈ Z.
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Proof. Let m,n ≥ −1 and u ∈ U, r ∈ Z. Then we need to prove
[L(m), L(n)] ∗ (u⊗ tr) = L(m) ∗ (L(n) ∗ (u⊗ tr))− L(n) ∗ (L(m) ∗ (u⊗ tr)).
Indeed, by definition, we have
L(m) ∗ (L(n) ∗ (u⊗ tr))
= −(n+ r + 1)L(m) ∗ (u⊗ tn+r) + (n+ 1)L(m) ∗ (L(0)u ⊗ tn+r)
+
1
2
n(n+ 1)L(m) ∗ (L(1)u ⊗ tn+r−1)
= (n + r + 1)(m+ n+ r + 1)(u⊗ tm+n+r)
−(n+ r + 1)(m+ 1)(L(0)u ⊗ tm+n+r)
−
1
2
m(m+ 1)(n + r + 1)(L(1)u ⊗ tm+n+r−1)
−(n+ 1)(m+ n+ r + 1)(L(0)u ⊗ tm+n+r)
+(n+ 1)(m+ 1)(L(0)2u⊗ tm+n+r)
+
1
2
m(m+ 1)(n + 1)(L(1)L(0)u ⊗ tm+n+r−1)
−
1
2
n(n+ 1)(m+ n+ r)(L(1)u⊗ tm+n+r−1)
+
1
2
n(n+ 1)(m+ 1)(L(0)L(1)u ⊗ tm+n+r−1)
+
1
4
n(n+ 1)m(m+ 1)(L(1)L(1)u ⊗ tm+n+r−2).
On the other hand, by switching m with n we have
L(n) ∗ (L(m) ∗ (u⊗ tr))
= (m+ r + 1)(m+ n+ r + 1)(u ⊗ tm+n+r)
−(m+ r + 1)(n+ 1)(L(0)u ⊗ tm+n+r)
−
1
2
n(n+ 1)(m+ r + 1)(L(1)u ⊗ tm+n+r−1)
−(m+ 1)(m+ n+ r + 1)(L(0)u ⊗ tm+n+r)
+(m+ 1)(n + 1)(L(0)2u⊗ tm+n+r)
+
1
2
n(n+ 1)(m+ 1)(L(1)L(0)u ⊗ tm+n+r−1)
−
1
2
m(m+ 1)(m+ n+ r)(L(1)u⊗ tm+n+r−1)
+
1
2
m(m+ 1)(n + 1)(L(0)L(1)u ⊗ tm+n+r−1)
+
1
4
n(n+ 1)m(m+ 1)(L(1)L(1)u ⊗ tm+n+r−2).
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Then we obtain
L(m) ∗ (L(n) ∗ (u⊗ tr))− L(n) ∗ (L(m) ∗ (u⊗ tr))
= (n−m)(m+ n+ r + 1)(u⊗ tm+n+r)
+(m(m+ 1)− n(n+ 1))(L(0)u ⊗ tm+n+r)
+
1
2
(m(m+ 1)(m− 1)− n(n+ 1)(n − 1))(L(1)u ⊗ tm+n+r−1)
+
1
2
(m− n)(m+ 1)(n + 1)(L(1)L(0)u ⊗ tm+n+r−1)
+
1
2
(n−m)(m+ 1)(n + 1)(L(0)L(1)u ⊗ tm+n+r−1)
= (n−m)(m+ n+ r + 1)(u⊗ tm+n+r)
+(m− n)(m+ n+ 1)(L(0)u ⊗ tm+n+r)
+
1
2
(m− n)(m2 +mn+ n2 − 1)(L(1)u ⊗ tm+n+r−1)
+
1
2
(m− n)(m+ 1)(n + 1)([L(1), L(0)]u ⊗ tm+n+r−1)
= (n−m)(m+ n+ r + 1)(u⊗ tm+n+r)
+(m− n)(m+ n+ 1)(L(0)u ⊗ tm+n+r)
+
1
2
(m+ n)(m+ n+ 1)(m− n)(L(1)u ⊗ tm+n+r−1)
= (m− n)L(m+ n) ∗ (u⊗ tr)
= [L(m), L(n)] ∗ (u⊗ tr),
as desired. Therefore, L(U) is a V ir+-module.
For the rest of this section, we assume that B is a vertex A-superalgebroid and VB
is the associated N-graded vertex superalgebra with (VB)(0) = A and (VB)(1) = B.
Recall that VB as a vertex superalgebra is generated by A⊕B.
Lemma 3.3. Let B be a vertex A-superalgebroid equipped with a weight b-module
structure on A⊕B with L(0)|A = 0 and L(0)|B = 1 such that L(1)(∂A) = 0. Then
the V ir+-module structure on L(A⊕B) obtained in Lemma 3.2 reduces to a V ir+-
module structure on L(A⊕B) := L(A⊕B)/∂ˆL(A). Furthermore, if in addition we
assume
L(1)(u0v) = (L(1)u)0v + u0(L(1)v) for u, v ∈ B, (3.4)
then V ir+ acts on L(A⊕B) as a Lie algebra of derivations.
Proof. For the first assertion, we need to show that ∂ˆL(A) is a V ir+-submodule.
Indeed, for m ≥ −1, a ∈ A, n ∈ Z, noticing that L(0)∂a = ∂a, L(0)a = 0 = L(1)a,
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and L(1)∂a = 0 (by assumption), we have
L(m) ∗ ∂ˆ(a⊗ tn)
= L(m) ∗ (∂a⊗ tn + na⊗ tn−1)
= −(m+ n+ 1)(∂a⊗ tm+n) + (m+ 1)(L(0)∂a ⊗ tm+n) +
1
2
(m+ 1)m(L(1)∂a ⊗ tm+n−1)
−n(m+ n)(a⊗ tm+n−1) + n(m+ 1)(L(0)a ⊗ tm+n−1) +
1
2
nm(m+ 1)(L(1)a ⊗ tm+n−2)
= −n(∂a⊗ tm+n)− n(m+ n)a⊗ tm+n−1
= −n∂ˆ(a⊗ tm+n).
This proves that ∂ˆL(A) is a V ir+-submodule. Then, L(A+B) is naturally a V ir+-
module.
Next, we show that V ir+ acts on L(A ⊕ B) as a derivation algebra. It suffices
to prove
L(s) ∗ [u⊗ tm, v ⊗ tn] = [L(s) ∗ (u⊗ tm), v ⊗ tn] + [u⊗ tm, L(s) ∗ (v ⊗ tn)] (3.5)
for m,n, s ∈ Z, u, v ∈ A ∪B with s ≥ −1.
Note that for a ∈ A, as L(0)a = 0 = L(1)a, we have
L(p) ∗ (a⊗ tq) = −(p+ q + 1)(a⊗ tp+q) for p, q ∈ Z with p ≥ −1.
On the other hand, we have [a⊗ tp, a′ ⊗ tq] = 0 for any a, a′ ∈ A, p, q ∈ Z. We see
that (3.5) holds for u, v ∈ A.
Consider the case with u ∈ A, v ∈ B. For m,n, s ∈ Z with s ≥ −1, noticing
that u0v ∈ A and L(0)(u0v) = 0 = L(1)(u0v), we have
L(s) ∗ [u⊗ tm, v ⊗ tn] = L(s) ∗ (u0v ⊗ t
m+n) = −(s+m+ n+ 1)(u0v)⊗ t
m+n+s,
[L(s) ∗ (u⊗ tm), v ⊗ tn] = −(s+m+ 1)[u ⊗ tm+s, v ⊗ tn]
= −(s+m+ 1)(u0v)⊗ t
m+n+s,
[u⊗ tm, L(s) ∗ (v ⊗ tn)] = [u⊗ tm,−(s+ n+ 1)(v ⊗ tn+s) + (s+ 1)(L(0)v ⊗ tn+s)
+
1
2
s(s+ 1)(L(1)v ⊗ tn+s)]
= −(s+ n+ 1)[u⊗ tm, v ⊗ tn+s] + (s+ 1)[u ⊗ tm, v ⊗ tn+s]
= −n(u0v)⊗ t
m+n+s.
Then it implies that (3.5) holds.
For the case with u ∈ B, v ∈ A, the result follows from the skew-supersymmetry
of Lie superalgebra.
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Consider the case with u, v ∈ B. We have
[u⊗ tm, L(s) ∗ (v ⊗ tn)]
=
[
u⊗ tm,−(n+ s+ 1)(v ⊗ ts+n) + (s+ 1)(L(0)v ⊗ ts+n)
+
1
2
s(s+ 1)(L(1)v ⊗ ts+n−1)
]
= −n
[
u⊗ tm, v ⊗ ts+n
]
+
1
2
s(s+ 1)
[
u⊗ tm, L(1)v ⊗ ts+n−1
]
= −n
(
u0v ⊗ t
m+n+s +m(u1v)⊗ t
m+n+s−1
)
+
1
2
s(s+ 1)u0L(1)v ⊗ t
s+m+n−1,
[L(s) ∗ (u⊗ tm), v ⊗ tn]
= [−(s+m+ 1)(u ⊗ ts+m) + (s+ 1)(L(0)u ⊗ ts+m)
+
1
2
s(s+ 1)(L(1)u ⊗ ts+m−1), v ⊗ tn]
= [−(s+m+ 1)(u ⊗ ts+m) + (s+ 1)(u⊗ ts+m)
+
1
2
s(s+ 1)(L(1)u ⊗ ts+m−1), v ⊗ tn]
= −m
(
u0v ⊗ t
m+n+s + (s+m)(u1v)⊗ t
m+n+s−1
)
+
1
2
s(s+ 1)(L(1)u)0v ⊗ t
s+m+n−1,
L(s) ∗ [u⊗ tm, v ⊗ tn]
= L(s) ∗
(
u0v ⊗ t
m+n +mu1v ⊗ t
m+n−1
)
= −(m+ n+ s+ 1)(u0v)⊗ t
m+n+s + (s+ 1)L(0)(u0v)⊗ t
m+n+s
+
1
2
s(s+ 1)L(1)(u0v)⊗ t
m+n+s−1 −m(m+ n+ s)u1v ⊗ t
m+n+s−1
+m(s+ 1)L(0)u1v ⊗ t
m+n+s−1 +
1
2
s(s+ 1)mL(1)u1v ⊗ t
m+n+s−2.
As L(1)(u0v) = (L(1)u)0v+u0(L(1)v) by assumption, it follows that (3.5) holds.
Definition 3.4. A semi-conformal vertex superalgebra is a vertex superalgebra V
equipped with a V ir+-module structure satisfying the conditions that V = ⊕n∈ZV(n),
where V(n) = {v ∈ V | L(0)v = nv} for n ∈ Z, V(−n) = 0 for n sufficiently large,
L(−1) = D on V , and that
[L(m), Y (v, x)] =
∑
i≥0
(
m+ 1
i
)
xm+1−iY (L(i− 1)v, x) (3.6)
for m ∈ Z≥−1, v ∈ V .
Let B be a vertex A-superalgebroid as in Lemma 3.3 with all the assumptions.
Recall that for u ∈ A+B, n ∈ Z, u(n) denotes the image of u⊗tn in Lie superalgebra
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L(A+B) = L(A+B)/∂ˆL(A). We have
L(m) ∗ u(n)
=− (m+ n+ 1)u(m+ n) + (m+ 1)(L(0)u)(m + n) +
(
m+ 1
2
)
(L(1)u)(m + n− 1)
(3.7)
for u ∈ A + B, m,n ∈ Z with m ≥ −1. We denote this Lie superalgebra by L.
Recall that the vertex superalgebra VL as an L-module is the induced module
VL = U(L)⊗U(L≥0) C,
where C is viewed as a trivial L≥0-module. The space A ⊕ B is identified with a
subspace of VL through the linear map u 7→ u(−1)1. For u ∈ A+B, we have
Y (u, x) = u(x) =
∑
n∈Z
u(n)x−n−1.
Thus un = u(n) on VL.
Lemma 3.5. Let B be a vertex A-superalgebroid with a weight b-module structure
on A⊕B with L(0)|A = 0, L(0)|B = 1 such that L(1)∂A = 0 and
L(1)(u0v) = (L(1)u)0v + u0(L(1)v) for u, v ∈ B.
Then there exists a V ir+-module structure on VL, which is uniquely determined by
the condition that V ir+ · 1 = 0 and
[L(m), u(n)]
=− (m+ n+ 1)u(m+ n) + (m+ 1)(L(0)u)(m + n) +
(
m+ 1
2
)
(L(1)u)(m + n− 1)
(3.8)
for u ∈ A+B, m ∈ Z≥−1, n ∈ Z. Furthermore, the map u 7→ u(−1)1 is a b-module
homomorphism with L(−1) = D, L(−1)a = ∂a for a ∈ A, and L(m)(A + B) = 0
for m ≥ 2.
Proof. Since VL is an L-module generated by 1, the uniqueness is clear. It remains
to verify the existence. Since V ir+ acts on L as a Lie algebra of derivations, V ir+
acts on the universal enveloping algebra U(L) of L as a Lie algebra of derivations.
Especially, we have V ir+ · 1 = 0. Note that VL as a U(L)-module is isomorphic
to U(L)/JB , where JB = U(L)L
≥0. From (3.7) we see that the action of V ir+ on
L preserves L≥0. It follows that JB is a V ir
+-submodule. Consequently, VL is a
V ir+-module such that V ir+ · 1 = 0 and
L(m)u(n)w − u(n)L(m)w
= (L(m) ∗ u(n))w
= −(m+ n+ 1)u(m+ n)w + (m+ 1)(L(0)u)(m + n)w
+
1
2
m(m+ 1)(L(1)u)(m + n− 1)w (3.9)
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for u ∈ A+B, w ∈ VL, m, n ∈ Z with m ≥ −1. More specifically, we have
[L(m), a(n)] = −(m+ n+ 1)a(m+ n), (3.10)
[L(m), b(n)] = −nb(m+ n) +
1
2
m(m+ 1)(L(1)b)(m + n− 1) (3.11)
on VL for a ∈ A, b ∈ B, m,n ∈ Z with m ≥ −1. In particular, we have
[L(−1), u(n)] = −nu(n− 1), (3.12)
[L(0), a(n)] = −(n+ 1)a(n), [L(0), b(n)] = −nb(n) (3.13)
for u ∈ A+B, a ∈ A, b ∈ B, n ∈ Z.
Recall that D1 = 0 and [D, u(n)] = −nu(n− 1). For a ∈ A, we have
Da = a−21 = a(−2)1 = (∂a)−11 = ∂a.
Since VL as an L-module is generated by 1 and L(−1)1 = 0, it follows that L(−1) =
D on VL. Similarly, as L(0)1 = 0, it follows that L(0) is semisimple on VL with only
integer eigenvalues. In particular, we have
L(0)a(−1)1 = a(−1)L(0)1 = 0, L(0)b(−1)1 = b(−1)L(0)1 + b(−1)1 = b(−1)1,
L(1)a(−1)1 = a(−1)L(1)1 − a(0)1 = 0,
L(1)b(−1)1 = b(−1)L(1)1 + b(0)1 + (L(1)b)(−1)1 = (L(1)b)(−1)1.
This proves that the map u 7→ u(−1)1 is a b-module homomorphism. Furthermore,
using the commutation relations of L(m) with a(n) and b(n), we get L(m)(A+B) = 0
for m ≥ 2. This completes the proof.
As the main result of this section, we have:
Theorem 3.6. Let B be a vertex A-superalgebroid with a weight b-module structure
on A⊕B with L(0)|A = 0, L(0)|B = 1 such that L(1)∂A = 0 and
L(1)(u0v) = (L(1)u)0v + u0(L(1)v) for u, v ∈ B. (3.14)
L(1)(ab) = aL(1)b− a0b for a ∈ A, b ∈ B. (3.15)
Then the b-module structure on A+B can be extended to a V ir+-module structure
on VB, which is uniquely determined by
L(−1) = D, (3.16)
[L(m), Y (u, x)] =
2∑
i=0
(
m+ 1
i
)
xm+1−iY (L(i− 1)u, x) (3.17)
for u ∈ A+B, m ∈ Z≥−1. Furthermore, VB is a semi-conformal vertex superalgebra.
Proof. Just as VL in Lemma 3.5, the uniqueness is clear. From Lemma 3.5, there is
a V ir+-module structure on VL. Recall that VB = VL/IB , where IB is the ideal of
VL generated by the subset
E = {e− 1, a(−1)a′ − aa′, a(−1)b− ab | a, a′ ∈ A, b ∈ B}.
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Now, we prove that IB is a V ir
+-submodule, so that VB is naturally a V ir
+-module.
Note that IB is the L-submodule generated by D
kE for k ≥ 0. Since L(−1) = D on
VL, it suffices to show that L(m)E ⊂ E for m ≥ 0.
For m ≥ 0, we have
L(m)(e − 1) = L(m)e(−1)1 − L(m)1 = −me(m− 1)1 + e(−1)L(m)1 − L(m)1 = 0
and
L(m)(a(−1)a′ − aa′) = −ma(m− 1)a′ + a(−1)L(m)a′ − L(m)(aa′) = 0
for a, a′ ∈ A as a′(n)a = 0 for all n ≥ 0.
For a ∈ A, b ∈ B, we have
L(0)(a(−1)b − ab) = a(−1)L(0)b − L(0)(ab) = a(−1)b− ab.
Using (3.15), we also have
L(1)(a(−1)b − ab) = −a(0)b+ a(−1)(L(1)b) − L(1)(ab) = a(−1)(L(1)b) − a(L(1)b),
which lies in E with L(1)b ∈ A. Furthermore, for m ≥ 2, we have
L(m)(a(−1)b − ab) = −ma(m− 1)b+ a(−1)L(m)b − L(m)(ab) = 0.
In summary, we have L(m)E ⊂ E for m ≥ 0.
To prove that VB is a semi-conformal vertex superalgebra, it remains to prove
[L(m), Y (v, x)] =
∑
i≥0
(
m+ 1
i
)
xm−i+1Y (L(i− 1)v, x)
for m ≥ −1, v ∈ VB . Let V consist of vectors v ∈ VB such that the above equality
holds. We now prove V = VB. As VB is a vertex superalgebra generated by A+B, it
suffices to prove that V is a vertex subalgebra which contains A+B. Let u ∈ A+B.
For m ≥ −1, we have
[L(m), Y (u, x)] (= [L(m), u(x)])
= −
∑
n∈Z
(m+ n+ 1)um+nx
−n−1 +
∑
n∈Z
(m+ 1)(L(0)u)m+nx
−n−1
+
(
m+ 1
2
)∑
n∈Z
(L(1)u)m+n−1x
−n−1
= xm+1Y (L(−1)u, x) + (m+ 1)xmY (L(0)u, x) +
(
m+ 1
2
)
xm−1Y (L(1)u, x)
=
∑
i≥0
(
m+ 1
i
)
xm−i+1Y (L(i− 1)u, x)
as L(n)u = 0 for n ≥ 2. Thus A + B ⊂ V . On the other hand, since Y (1, x) = 1
and L(i− 1)1 = 0 for i ≥ 0, we see that 1 ∈ V .
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To prove that V is a vertex subalgebra, we must show that V is closed, which
amounts to that for any u, v ∈ V, m ∈ Z≥−1,
[L(m), Y (Y (u, x0)v, x)] =
∑
i≥0
(
m+ 1
i
)
xm−i+1Y (L(i− 1)Y (u, x0)v, x). (3.18)
Now, let u, v ∈ V and let m ∈ Z≥−1. Using Jacobi identity, we have
[L(m), Y (Y (u, x0)v, x)]
= Resx1 [L(m), x
−1
0 δ
(
x1 − x
x0
)
Y (u, x1)Y (v, x)− εu,vx
−1
0 δ
(
x− x1
−x0
)
Y (v, x)Y (u, x1)]
= Resx1x
−1
0 δ
(
x1 − x
x0
)(∑
i≥0
(
m+ 1
i
)
xm+1−i1 Y (L(i− 1)u, x1)Y (v, x)
+
∑
i≥0
(
m+ 1
i
)
xm+1−iY (u, x1)Y (L(i− 1)v, x)
)
−εu,vResx1x
−1
0 δ
(
x− x1
−x0
)(∑
i≥0
(
m+ 1
i
)
xm+1−iY (L(i− 1)v, x)Y (u, x1)
+
∑
i≥0
(
m+ 1
i
)
xm+1−i1 Y (v, x)Y (L(i− 1)u, x1)
)
= Resx1
∑
i≥0
(
m+ 1
i
)
x−11 δ
(
x+ x0
x1
)
xm+1−i1 Y (Y (L(i− 1)u, x0)v, x)
)
+
∑
i≥0
(
m+ 1
i
)
xm+1−iY (Y (u, x0)L(i− 1)v, x)
=
∑
i≥0
(
m+ 1
i
)
(x+ x0)
m+1−iY (Y (L(i− 1)u, x0)v, x)
+
∑
i≥0
(
m+ 1
i
)
xm+1−iY (Y (u, x0)L(i− 1)v, x).
On the other hand, we have
∑
i≥0
(
m+ 1
i
)
xm+1−iY ([L(i − 1), Y (u, x0)]v, x)
=
∑
i,r≥0
(
m+ 1
i
)(
i
r
)
xm+1−ixi−r0 Y (Y (L(r − 1)u, x0)v, x)
=
∑
r,j≥0
(
m+ 1
r + j
)(
r + j
r
)
xm+1−r−jxj0Y (Y (L(r − 1)u, x0)v, x)
=
∑
r,j≥0
(
m+ 1
r
)(
m+ 1− r
j
)
xm+1−r−jxj0Y (Y (L(r − 1)u, x0)v, x)
=
∑
r≥0
(
m+ 1
r
)
(x+ x0)
m+1−rY (Y (L(r − 1)u, x0)v, x),
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where we use the fact that
(
m+1
r+j
)(
r+j
r
)
=
(
m+1
r
)(
m+1−r
j
)
. Combining the last two
equations we obtain (3.18). Therefore, V is a vertex subalgebra that contains A+B,
and hence we have V = VB , which proves that (3.17) holds for allm ∈ Z≥−1, v ∈ VB .
As we have proved in Lemma 3.5 that L(−1) = D and L(0) is the grading operator,
thus VB is a semi-conformal vertex superalgebra.
Definition 3.7. [FHL] Let V be a vertex operator superalgebra and letM = M0¯⊕M1¯
be a (Z/2Z)-graded V -module, a bilinear form (·, ·) on M is said to be invariant if
(Mi,Mj) = {0}, if i 6= j;
(Y (v, z)w,w′) = εv,w(w, Y (e
zL1(−z−2)L0v, z−1)w′)
for v ∈ V, w,w′ ∈M .
Using the definition of semi-conformal vertex superalgebra and the Theorem 3.1
of [L], we have :
Remark 3.8. Let V be a semi-conformal vertex superalgebra with V(0) = A and
V(1) = B. Then there exists a linear isomorphism from the space of invariant bilinear
forms on V to Hom C(A/L(1)B,C).
4 Example of vertex superalgebroid
Let A be a commutative associative algebra with identity (over C). Let g be a Lie
superalgebra acting on A as a Lie superalgebra of derivations. That is, we are given
a Lie superalgebra homomorphism pi : g → Der(A). In this section, we will use
ga := pi(g)a, for any g ∈ g, a ∈ A.
Since we assume A to be purely even, the odd part of g necessarily acts trivially
on A. One can consider also A to be a super-commutative associative superalgebra
but then the signs in the formulas become more complicated [SHK].
Now we introduce the definition of a Lie superalgebroid (Refs.[GMS] and [SHK]).
Definition 4.1. A Lie superalgebroid is a pair (g, A), where A is a super-commutative
associative superalgebra, g is a Lie superalgebra equipped with an A-module structure
and a left-module action on A by derivation such that
[u, av] = εu,aa[u, v] + (ua)v, (4.1)
a(ub) = (au)b for u, v ∈ g, a, b ∈ A. (4.2)
In [SHK], they show that A ⊗ g has a Lie A-superalgebroid structure. The Lie
bracket on A⊗ g is given by
[a⊗ g, a′ ⊗ g′] = aa′ ⊗ [g, g′] + a(ga′)⊗ g′ − εg,g′a
′(g′a)⊗ g (4.3)
for a, a′ ∈ A, g, g′ ∈ g (with g, g′ homogeneous), and the action of A ⊗ g on A is
given by
(a⊗ g)a′ = a(ga′), for a, a′ ∈ A, g ∈ g. (4.4)
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Set T = A ⊗ g and let Ω = A∂A be the A-module of Ka¨hlerian 1-differentials
with the canonical A-derivation ∂ : A −→ Ω, i.e., Ω is the quotient A-module of the
free A-module over ∂A modulo relations for a, a′ ∈ A:
∂(aa′) = a∂a′ + a′∂a. (4.5)
We have the canonical bilinear pairing 〈·, ·〉 : Der(A)×Ω→ A, 〈τ, a∂b〉 = aτ(b), for
a, b ∈ A, τ ∈ Der(A).
Set B = T ⊕A∂A. The following result is clear.
Lemma 4.2. The space B = A ⊗ g + A∂A is an non-associative unital A-module
with the action defined by
a ∗ (b⊗ g) = ab⊗ g + (ga)∂b+ (gb)∂a, (4.6)
a ∗ (a′∂b) = (aa′)∂b (4.7)
for a, a′, b ∈ A, g ∈ g.
Extend pi : g → Der(A) to pi : B → Der(A) by pi(a∂b) = 0, pi(a ⊗ g) = api(g).
From this condition, we have pi ◦ ∂ = 0 and
pi(a ∗ (b⊗ g)) = api(b⊗ g). (4.8)
Lemma 4.3. For any a, a′ ∈ A, v ∈ B, we have
a ∗ (a′ ∗ v)− (aa′) ∗ v = pi(v)(a) ∗ ∂(a′) + pi(v)(a′) ∗ ∂(a). (4.9)
Proof. Let a, a′ ∈ A, u ∈ A∂A. We have a ∗ (a′ ∗ u) − (aa′) ∗ u = 0, pi(u) = 0. For
any a, a′ ∈ A, b⊗ g ∈ T ,
a ∗ (a′ ∗ (b⊗ g)) = a ∗ (a′b⊗ g + (ga′)∂b+ (gb)∂a′)
= aa′b⊗ g + (ga)∂(a′b) + g(a′b)∂a
+a(ga′)∂b+ a(gb)∂a′
= aa′b⊗ g + (ga)(a′∂b+ b∂a′) + (ga′)b∂a
+a′(gb)∂a+ a(ga′)∂b+ a(gb)∂a′,
(aa′) ∗ (b⊗ g) = aa′b⊗ g + (g(aa′))∂b + (gb)∂(aa′)
= aa′b⊗ g + ((ga)a′ + a(ga′))∂b
+(gb)(a∂a′ + a′∂a),
a ∗ (a′ ∗ (b⊗ g))− (aa′) ∗ (b⊗ g) = b(ga)∂a′ + b(ga′)∂a
= pi(b⊗ g)(a) ∗ ∂(a′) + pi(b⊗ g)(a′) ∗ ∂(a).
Lemma 4.4. Define a linear operation (bracket) [·, ·] on B = (A⊗ g)⊕A∂A by
[A∂A,A∂A] = 0,
[a′ ⊗ g′, a∂b] = a′(g′a)∂b+ a∂(a′(g′b)),
[a∂b, a′ ⊗ g′] = −a′(g′a)∂b+ a′(g′b)∂a,
[a⊗ g, a′ ⊗ g′] = aa′ ⊗ [g, g′] + a(ga′)⊗ g′ − εg,g′a
′(g′a)⊗ g
for a, a′, b, b′ ∈ A, g, g′ ∈ g. Then B is a Leibniz superalgebra.
18
Proof. Recall that A ⊗ g is a Lie A-superalgebroid. Thus the case that all three
elements belong to A⊗ g satisfies the graded Leibniz identity.
For any a, a′, b, c ∈ A, g, g′ ∈ g,
[c⊗ g, [a′ ⊗ g′, a∂b]] = c(ga′)(g′a)∂b+ ca′(g(g′a))∂b + a′(g′a)∂(c(gb))
+c(ga)∂(a′(g′b)) + a∂(c(ga′)(g′b)) + a∂(ca′g(g′b))
= [[c⊗ g, a′ ⊗ g′], a∂b] + εg,g′ [a
′ ⊗ g′, [c⊗ g, a∂b]].
For other cases, one can verify similarly.
By definition, we have
[a⊗ g, ∂(b)] = ∂(pi(a⊗ g)(b)) (4.10)
and
[a⊗ g, b ∗ (a′∂b′)] = pi(a⊗ g)(b) ∗ (a′∂b′) + b ∗ [a⊗ g, a′∂b′], (4.11)
[a′∂b′, b ∗ (a⊗ g)] = b ∗ [a′∂b′, a⊗ g]. (4.12)
Lemma 4.5. Extend 〈·, ·〉 : Der(A)×Ω→ A to a bilinear pairing 〈·, ·〉 : B⊗CB → A,
where
〈a∂b, a′∂b′〉 = 0, 〈a⊗ g, a′ ⊗ g′〉 = 0,
〈a⊗ g, a′∂b〉 = a〈g, a′∂b〉 = aa′pi(g)b = pi(aa′ ⊗ g)b. (4.13)
Then for any a ∈ A, u, v ∈ B, we have
〈a ∗ u, v〉 = a〈u, v〉 − pi(u)(pi(v)(a)). (4.14)
Proof. Indeed, for any a ∈ A, u, v ∈ A∂A, 〈a∗u, v〉 = 0, a〈u, v〉 = 0, pi(u) = 0, pi(v) =
0, it is easy to see (4.14).
For any a, a1, a
′, b ∈ A, g ∈ g, we have 〈a ∗ (a1 ⊗ g), a
′∂b〉 = 〈aa1 ⊗ g, a
′∂b〉 =
aa1a
′(gb), 〈a1 ⊗ g, a
′∂b〉 = a1a
′(gb), and pi(a1 ⊗ g) = 0.
For any a, b, c ∈ A, g, g′ ∈ g,
pi(b⊗ g)(pi(c ⊗ g′)(a)) = b(gc)(g′a) + bcg(g′a)
a〈b⊗ g, c⊗ g′〉 = −abg′(gc) − acg(g′b)− a(gc)(g′b)
〈a ∗ (b⊗ g), c ⊗ g′〉 = −abg′(gc) − cg((g′a)b+ a(g′b))− (gc)(g′a)b
−a(gc)(g′b) + c(ga)(g′b) + c(gb)(g′a)
= −abg′(gc) − bcg(g′a)− acg(g′b)− b(gc)(g′a)− a(gc)(g′b)
We obtain that 〈a ∗ (b⊗ g), c ⊗ g′〉 = a〈b⊗ g, c ⊗ g′〉 − pi(b⊗ g)(pi(c ⊗ g′)(a)).
Lemma 4.6. We have
pi(v)(〈v1, v2〉) = 〈[v, v1], v2〉+ εv,v1〈v1, [v, v2]〉 (4.15)
for any v, v1, v2 ∈ B, and
[u, v] + εu,v[v, u] = ∂(〈u, v〉) (4.16)
for any u, v ∈ B.
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Proof. In fact, if all the three elements v, v1, v2 ∈ A∂A, it is easy to see (4.15).
If v ∈ A∂A, one of the elements v1, v2 ∈ A∂A, it is also easy to see (4.15). If
v = b∂c ∈ A∂A and v1 = a⊗ g ∈ T , v2 = a
′ ⊗ g′ ∈ T , we have pi(v) = 0,
〈[v, v1], v2〉+ εv,v1〈v1, [v, v2]〉 = 〈[b∂c, a ⊗ g], a
′ ⊗ g′〉+ 〈a⊗ g, [b∂c, a′ ⊗ g′]〉
= 〈−a(gb)∂c + a(gc)∂b, a′ ⊗ g′〉
+〈a⊗ g,−a′(g′b)∂c+ a′(g′c)∂b〉
= −aa′(gb)(g′c) + aa′(gc)(g′b)
+aa′(g′c)(gb) − aa′(g′b)(gc)
= 0
One can check the other cases by a similarly argument.
For the second part. Indeed, for any u, v ∈ A∂A and u ∈ A∂A, v ∈ A ⊗ g, the
result is obviously. For any a, a′ ∈ A, g, g′ ∈ g, we have [a ⊗ g, a′ ⊗ g′] + εg,g′ [a
′ ⊗
g′, a⊗ g)] = 0, and ∂(〈a⊗ g, a′ ⊗ g′〉) = 0.
Recall T is a Lie A-superalgebroid, we have
[a⊗ g, b ∗ (a′ ⊗ g′)] = pi(a⊗ g)(b) ∗ (a′ ⊗ g′) + b ∗ [a⊗ g, a′ ⊗ g′]. (4.17)
We can verify (2.14) by (4.9), (2.15) by (4.11), (4.12) and (4.17), (2.16)-(2.22) by
(4.16), (4.8), (4.14), (4.15), (4.5), (4.10), (4.13) respectively. Thus we get B is a
vertex A-superalgebroid.
Recall Proposition 2.11, for any a, a′ ∈ A, g ∈ g, we have
a0A = 0, a0(A∂A) = 0 = (A∂A)0a, a0(a
′ ⊗ g) = −(a′ ⊗ g)0a = −a
′(ga).
Definition 4.7. A derivation from a Lie superalgebra g into a g-module A is an
even linear map d : g→ A such that
d([x, y]) = x ◦ d(y) − y ◦ d(x), x, y ∈ g.
Lemma 4.8. Let B = (A ⊗ g) ⊕ A∂A be the vertex A-superalgebroid associated to
(A, g) and let d : g → A be a derivation from g into the g-module A. Then A ⊕ B
becomes a b-module with
L(0)|A = 0, L(0)|B = 1, L(1)|A = 0, L(1)|A∂A = 0,
L(1)(a ⊗ g) = ga+ ad(g) for a ∈ A, g ∈ g.
Furthermore this b-module satisfies (3.14) and (3.15).
Proof. It is straightforward to show that A⊕B is a b-module. For any a, a′ ∈ A, g ∈
g, we have
L(1)(a(a′ ⊗ g)) = L(1)(aa′ ⊗ g + ag(a′) + a′(ga))
= g(aa′) + aa′d(g)
= (ga)a′ + a(ga′) + aa′d(g),
aL(1)(a′ ⊗ g)− a0(a
′ ⊗ g) = a(ga′) + aa′d(g) − a0(a
′ ⊗ g)
= a(ga′) + aa′d(g) + (ga)a′.
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This proves that (3.15) holds.
Next we need to show that: for any u, v ∈ B, L(1)(u0v) = (L(1)u)0v+u0(L(1)v).
Recall Proposition 2.11, we have u0v = [u, v], for any u, v ∈ B.
For u, v ∈ A∂A, we have L(1)u = 0, L(1)v = 0 and L(1)(u0v) = 0. For u ∈ A∂A,
v ∈ A ⊗ g, L(1)u = 0, u0(L(1)v) = 0, L(1)(u0v) = 0. For u ∈ A ⊗ g, v ∈ A∂A,
L(1)v = 0, (L(1)u)0v = 0, L(1)(u0v) = 0.
For u = a⊗ g, v = a′ ⊗ g′, we have
(L(1)u)0v = (ga+ ad(g))0v = −a
′g′(ga) − a′(g′a)d(g) − a′ag′(d(g)),
u0(L(1)v) = u0(g
′a′ + a′d(g′)) = ag(g′a) + a(ga′)d(g′) + a′ag(d(g′)),
u0v = [a⊗ g, a
′ ⊗ g′] = aa′ ⊗ [g, g′] + a(ga′)⊗ g′ − εg,g′a
′(g′a)⊗ g.
Then L(1)(u0v) = ag(g
′a) − a′g′(ga) + aa′d([g, g′]) − εg,g′a
′(g′a)d(g) + a(ga′)d(g′).
Note that d is a derivation, i.e. d([g, g′]) = gd(g′)−g′d(g), thus we have L(1)(u0v) =
(L(1)u)0v + u0(L(1)v).
This proves that (3.14) holds.
In summary, we have proved:
Proposition 4.9. Let A be a commutative associative algebra and let g be a Lie
superalgebra which acts on A as a Lie algebra of derivations. For any derivation
d : g→ A, on the associated vertex (super)algebra VB with B = (A⊗g)⊕A∂A there
exists a semi-conformal structure, which is uniquely determined by
L(0)|A = 0, L(0)|B = 1, L(1)|A = 0, L(1)|A∂A = 0, (4.18)
L(1)(a ⊗ g) = ga+ ad(g) for a ∈ A, g ∈ g. (4.19)
Furthermore, we have L(1)(VB)(1) = L(1)B.
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